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1 Dipartimento di Fisica, Università “La Sapienza”, P.le A. Moro 2, 00185 Rome, Italy
2 “E. Fermi” Center, via Panisperna 89 A, Compendio del Viminale, 00184 Rome, Italy
3 ISC-CNR via dei Taurini, 19 00185 Rome, Italy

Received 11 October 2005 / Received in final form 18 November 2005
Published online 16 February 2006 – c© EDP Sciences, Società Italiana di Fisica, Springer-Verlag 2006

Abstract. Models of structure formation in the universe postulate that matter distributions observed
today in galaxy catalogs arise, through a complex non-linear dynamics, by gravitational evolution from
a very uniform initial state. Dark matter plays the central role of providing the primordial density seeds
which will govern the dynamics of structure formation. We critically examine the role of cosmological dark
matter by considering three different and related issues: Basic statistical properties of theoretical initial
density fields, several elements of the gravitational many-body dynamics and key correlation features of
the observed galaxy distributions are discussed, stressing some useful analogies with known systems in
modern statistical physics.

PACS. 98.80.-k Cosmology – 05.70.-a Thermodynamics – 02.50.-r Probability theory, stochastic processes,
and statistics – 05.40.-a Fluctuation phenomena, random processes, noise, and Brownian motion

1 Introduction

The large distribution of matter in the universe as traced
by galaxy structures shows a complex irregular pattern,
characterized by clusters of galaxies which are organized
in filaments around large voids. In the framework of stan-
dard cosmological models these structures arise from non-
linear dynamical evolutions in which Newtonian gravity
plays the essential role (e.g., [1]). The topic of structure
formation in the expanding universe is clearly extremely
large and we focus here on three different and related is-
sues, where the methods and concepts of statistical physics
find a fruitful applications [2].

2 Primordial density fields

The first topic concerns the statistical properties of ini-
tial matter density fields in standard cosmological mod-
els: as we discuss below, in the framework of Friedmann-
Robertson-Walker (FRW) [1] models of cosmological ex-
pansion, there are important constraints which have to be
satisfied by primordial matter fluctuation fields and which
are common to all models and independent on the nature
of dark matter [3]. Some very interesting analogies with

a e-mail: sylos@roma1.infn.it

glassy systems (e.g. one component plasma) will be out-
lined and the crucial observational tests of standard mod-
els of cosmological structure formation will be discussed.

Dark matter plays the major role in the problem
of structure formation in standard cosmological models:
large-scale structures we observe today must have formed
from the effects of gravity acting on small amplitude seed
fluctuations in the original distribution of dark matter
from the Big Bang. The problem of structure formation in
the universe is approximately Newtonian but embedded
in an expanding universe, whose dynamics is described
by General Relativity. The role and amount of dark mat-
ter is determined to make compatible different types of
astronomical observations with the FRW models. With-
out entering into the details of the various reasons why
dark matter is fundamental in the cosmological context
it is worth noticing here that the most “popular” model,
which nowadays is the so-called Λ-Cold Dark Matter (or
ΛCDM), postulates the structure of mass and energy in
a Universe as 5% ordinary baryonic matter, 25% CDM
of non-baryonic form (which has not been yet detected in
laboratories on Earth), and 70% dark energy, which would
be a uniform component of energy repelling to gravity and
pushing the Universe apart faster. While this latter en-
ergy component is essentially relevant only for the rate of
expansion in FRW models, the CDM would be important
for structure formation and ordinary baryonic matter does
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not make any relevant dynamical effect and it just follows
the distribution of CDM.

Primordial density fluctuations have imprinted them-
selves on the patterns of radiation also, and those varia-
tions should be detectable in the Cosmic Microwave Back-
ground Radiation (CMBR). Three decades of observations
have revealed fluctuations in the CMBR of amplitude of
order 10−5 [4]. It is in fact to make these measurements
compatible with observed structures that it is necessary to
introduce non-baryonic dark matter which interact with
photons only gravitationally, and thus in a much weaker
manner than ordinary baryonic matter. Thus in these
models dark matter plays the dominant role of provid-
ing density fluctuation seeds which, from the one hand
are compatible with observations of the CMBR and from
the other hand they are large enough to allow the forma-
tion, through a complex non linear dynamics, of galaxy
structures we observe today.

A simple calculation may give the order of magni-
tude of the initial amplitude of fluctuations. In the lin-
ear regime small amplitude fluctuations grow inversely
proportional to the redshift z in the expanding universe.
Thus given that the CMBR is at z = 103 (i.e. early cos-
mological times), in order to have density fluctuations
δρ/ρ of order one today (i.e. z = 0) on a certain scale
(and larger than the average on smaller scales to make
non-linear structures) one should have δρ/ρ ≈ 10−3 at
z = 103 at the corresponding scale. However there is
a factor 102 of difference given that δT/T ≈ 10−5 and
δρ/ρ ≈ δT/T for ordinary baryonic matter. As mentioned,
CDM interacts weakly with radiation making possible to
have δρ/ρ ≈ 10−3 at z = 103 and in the same time
δT/T ≈ 10−5. This would not be possible with ordinary
baryonic matter. Therefore properties of dark matter in
this cosmological context are defined to allow structure
formation today.

From the above discussion it seems that much freedom
is left for the choice of dark matter, its physical properties
and its statistical distribution, unless it will once be di-
rectly observed. However there is an important constraint
which must be valid for any kind of initial matter density
fluctuation field in the framework of FRW models. This
must be imprinted in the CMBR, a relict of the high en-
ergy process occurred in the early universe according to
standard models.

The most prominent feature of theoretical models of
the initial conditions derived from inflationary mecha-
nisms is that matter density field presents on large scale
super-homogeneous features [3]. This means the following.
If one considers the paradigm of uniform distributions, the
Poisson process where particles are placed completely ran-
domly in space, the mass fluctuations in a sphere of radius
R grows as R3, i.e. like the volume of the sphere. A super-
homogeneous distribution is a system where the average
density is well defined (i.e. it is uniform) and where fluc-
tuations in a sphere grow slower than in the Poisson case,
e.g. like R2: in this case there are the so-called surface
fluctuations to differentiate them from Poisson-like vol-
ume fluctuations. (Note that a uniform system with pos-

itive correlations present fluctuations which grow faster
than Poisson.) For example a perfect cubic lattice of par-
ticle is a super-homogeneous system. An example of a well
known system in statistical physics systems of this kind
is the one component plasma [5] which is characterized
by a dynamics which at thermal equilibrium gives rise to
such configurations. In the cosmological context inflation-
ary models predict a spectrum of fluctuations of this type.

The reason for this peculiar behavior of primordial
density fluctuations is the following. In a FRW cosmology
there is a fundamental characteristic length scale, the hori-
zon scale RH(t). It is simply the distance light can travel
from the Big Bang singularity t = 0 until any given time t
in the evolution of the Universe, and it grows linearly with
time. The Harrison-Zeldovich (H-Z) criterion states that
the normalized mass variance at the horizon scale is con-
stant: this can be expressed more conveniently in terms
of the power spectrum (PS) of density fluctuations [3]
P (k) =

〈|δρ(k)|2〉 where δρ(k) is the Fourier Transform
of the normalized fluctuation field (ρ(r) − ρ0)/ρ0, be-
ing ρ0 the average density. It is possible to show that the
H-Z-criterion is equivalent to assume P (k) ∼ k: in this sit-
uation matter distribution present surface fluctuations [3].

In order to illustrate more clearly the physical impli-
cations of this condition, one may consider gravitational
potential fluctuations δφ(r) which are linked to the den-
sity fluctuations δρ(r) via the gravitational Poisson equa-
tion: ∇2δφ(r) = −4πGδρ(r) . From this, transformed to
Fourier space, it follows that the PS of the potential
Pφ(k) =

〈
|δφ̂(k)|2

〉
is related to the density PS P (k) as:

Pφ(k) ∼ P (k)
k4 The H-Z condition corresponds therefore to

Pφ(k) ∝ k−3 so that gravitational potential fluctuations
become constant as a function of scale.

The H-Z condition is a consistency constraint in the
framework of FRW cosmology. In fact the FRW is a cosmo-
logical solution for a homogeneous Universe, about which
fluctuations represent an inhomogeneous perturbation: if
density fluctuations obey to a different condition than the
H-Z criterion, then the FRW description will always break
down in the past or future, as the amplitude of the pertur-
bations become arbitrarily large or small. For this reason
the super-homogeneous nature of primordial density field
is a fundamental property independently on the nature
of dark matter. We note that this is a very strong con-
dition to impose, and it excludes even Poisson processes
(P (k) = const. for small k) [3].

This is the behavior that one would like to detect in
the data in order to confirm inflationary models. Up to
now this search has been done through the analysis of the
galaxy PS which has to go correspondingly as P (k) ∼ k
at small k (large scales). No observational test of this be-
havior has been provided yet.

3 The gravitational many-body problem

As mentioned, the standard model of the formation of
large scale structure of the universe is based on the grav-
itational growth of small initial density fluctuations in a
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homogeneous and isotropic medium (e.g., [1]). In the CDM
model particles interact only gravitationally and they are
cold, i.e. with very small initial velocity dispersion. This
situation allows to model this system with a collision-
less Boltzmann equation and, for sufficiently large scales,
pressure-less fluid equations. Then it is possible to solve
in a perturbative way, for small density fluctuations, these
fluid equations (for a review see e.g. [1]). However this
treatment is inapplicable in the strong non-linear regime.
Then, the most widely used tool to study gravitational
clustering in the various regimes is by means of N -body
simulations (NBS) which are based on the computation of
particle gravitational dynamics in an expanding universe.

One may consider an infinite periodic system, i.e. a
finite system with periodic boundary condition. Despite
the simplicity of the system, in which dynamics is New-
tonian at all but the smallest scales, the analytic under-
standing of this crucial problem is limited to the regime of
very small fluctuations where a linear analysis can be per-
formed. As mentioned, the problem is Newtonian but the
equation of motions are modified because of the expand-
ing background. It is possible to consider some simplified
cases where the expansion is not included and then study
the differences introduced by space expansion.

An additional important point should be stressed: for
numerical reasons, the cosmological density field must be
discretized into “macro-particles” interacting gravitation-
ally which are tens of order of magnitudes heavier than the
(elementary) CDM particles due to computer limitations.
This procedure introduces discreteness at a much larger
scale than the discreteness inherent to the CDM particles.
By discreteness we mean statistical and dynamical effects
which are not described by the self-gravitating fluid ap-
proximation. The discreteness has different manifestations
in the evolution of the system (see e.g. [6] and references
therein). It is therefore necessary to consider the issue of
the physical role of discrete fluctuations in the dynamics,
which go beyond a description where particles play the
role of collision-less fluid elements and the evolution can
be understood in terms of a self-gravitating fluid.

In order to study the full gravitational many-body
problem, we have considered a very simple initial parti-
cle distribution represented by a slightly perturbed simple
cubic lattice with zero initial velocities [7]. A perfect cubic
lattice is an unstable equilibrium configuration for gravi-
tational dynamics, being the force on each particle equal
to zero. A slightly perturbed lattice represents instead a
situation where the force on each particle is small, and
linearly proportional to the average root mean square dis-
placement of any particle from its lattice position. When
the system is evolved for long enough times it creates com-
plex non-linear structures. While the full understanding of
this clustering dynamics is not currently available, some
steps have been done for what concerns the early times
evolution of the system [7,8].

In this context an analogy with the dynamics of the
Coulomb lattice (or Wigner crystal) helps to develop an
analytical approach to the early time evolution of a grav-
itational infinite lattice of point mass particles, slightly

perturbed about the equilibrium configuration. Apart a
change in the sign of the force (in the Coulomb lattice
case it is repulsive) the equation of motion is identical in
the gravitational and Coulomb cases [7]. This allows us to
quantitatively characterize and understand, in the linear
approximation, the deviation of a finite number of parti-
cle system from the evolution of a self-gravitating fluid.
This is relevant for the problem of cosmological structure
formations, where the fluid approximation is usually used
to model a system of large number of elementary dark
matter particles while the simulations used to study nu-
merically the problem employ a relative small number of
particles [7,8].

This analogy is extremely useful to treat the particu-
lar problem of the evolution of a shuffled lattice at early
times, i.e. before nearest particles collide. Then a study
of the Poisson distribution [8] is very useful to treat the
formation of the first power-law correlated structures. It
is then surprising that the early-times power-law corre-
lation function remains invariant during the subsequent
time evolution, when structures are formed by many par-
ticles. A study of the late times dynamics is currently
under consideration.

4 Large scale structures of the universe

The third topic we will briefly discuss is represented by the
statistical properties of the matter distribution observed
today through the study of three-dimensional galaxy cat-
alogs [9]. Galaxy correlation properties seem to be similar
to those of a fractal object [10]. Several issues of data anal-
ysis and the relation to cosmological simulations of struc-
ture formation are discussed, stressing the subtle ways in
which the hypothesized dark matter enter into play. This
distribution represents the observational test for any the-
ory of cosmological structure formation.

In the past twenty years observations have provided
several three dimensional maps of galaxy distribution,
from which there is a growing evidence of large scale struc-
tures. This important discovery has been possible thanks
to the advent of large redshift surveys: angular galaxy
catalogs, considered in the past, are in fact essentially
smooth and structure-less. Figure 1 shows a slice of the
Center for Astrophysics galaxy catalog (CfA2), which was
completed in the early nineties [11], and a slice derived
from the recent observations of the Sloan Digital Sky Sur-
vey (SDSS) project [9]. In the CfA2 catalog, which was
one of the first maps surveying the local universe, it has
been discovered the giant “Great Wall” a filament link-
ing several groups and clusters of galaxies of extension of
about 200 Mpc/h1 and whose size is limited by the sam-
ple boundaries. Recently the SDSS project has reveled the

1 The typical mean separation between nearest galaxies is of
about 0.1 Mpc. By local universe one means scales in the range
[1, 100] Mpc/h, where space geometry is basically Euclidean
and dynamics is Newtonian, i.e. effects of General Relativity
are negligible. On larger scales instead, one has to consider that
relativistic corrections start play a role for the determination
of the space geometry and dynamics. The size of the universe,
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Fig. 1. Progress in redshift surveys: it is reported the “slice of the universe” from the CfA2 redshift survey [11] (lower part)
and the new SDSS data [12] (upper part). This cone diagram represents the reconstruction of a thin slice observed from the
Earth which is in the bottom. The CfA2 slice has an depth of 150 Mpc/h, while the SDSS slice has a depth of 300 Mpc/h. The
“Great Wall” in the CfA2 slice and the new “Sloan Great Wall” in the SDSS slice are the dominant structures in these maps
and they are clearly recognizable. For comparison we also show a small circle of size of 5 Mpc/h (bottom of the figure), the
typical clustering length separating the regime of large and small fluctuations according to the standard analysis. (Elaboration
from [2].)

existence of structures larger than the Great Wall, and in
particular in Figure 1 one may notice the so-called “Sloan
Great Wall” which is almost double longer than the Great
Wall. Nowadays this is the most extended structure ever
observed, covering about 400 Mpc/h, and whose size is
again limited by the boundaries of the sample [12].

The search for the “maximum” size of galaxy struc-
tures and voids, beyond which the distribution becomes
essentially smooth, is still an open problem. Instead the
fact that galaxy structures are strongly irregular and form
complex patterns has become a well-established fact. From
the theoretical point of view the understating of the sta-
tistical characterization of these structures represents the
key element to be considered by a physical theory deal-

according to standard cosmological models is about
5000 Mpc/h, where 1 Mpc � 3 × 1022 m; distances are
given in units of h, a parameter which is in the range
[0.5, 0.75] reflecting the incertitude in the value of the Hubble
constant (H = 100 h km s−1 Mpc−1) used to convert redshift
z into distances d ≈ c/Hz (where c is the velocity of light).

ing with their formation. The primary questions that such
a situation rises are therefore: (i) which is the nature of
galaxy structures and (ii) which is the maximum size of
structures? A number of statistical concepts can be used
to answer to these questions: in general one wants to char-
acterize n-point correlation properties which are able to
capture the main elements of points distributions [2].

Recently a team of the SDSS collaboration [13] has
measured the conditional density 〈n(r)〉p (which gives the
average density at distance r from an occupied point) as
a function of scale in a sample of the SDSS survey which
covers, to date, the largest volume of space ever consid-
ered for such an analysis with a very robust statistics and
precise photometric calibration (Fig. 1). They found that:
(i) there is clearly a “fractal regime” where 〈n(r)〉p ∼ rD−3

with a dimension D ≈ 2, which appears to terminate
at somewhere between 20 and 30 Mpc/h – this behav-
ior agrees very well with what we found at the scales we
could probe properly (i.e. by making the full volume aver-
age) with the samples at our disposal a few years ago [19]
and recently with the new 2dF sample [15] (see discussion
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in [10]); (ii) the data show then a slow transition to ho-
mogeneity in the range 30 < r < 70 Mpc/h, where a
flattening of the conditional density seems to occur for
scales larger than λ0 ≈ 70 Mpc/h, a scale comparable
with the sample size precisely where its statistical validity
becomes weaker. Note that often in the past, samples have
shown finite size effects which produced this type of be-
havior, which was then eliminated by deeper samples (see
e.g. [20]). For example such a high value of λ0 implies that
all previous determinations of the characteristic clsuetring
length r0 are biased by finite size effects [10]. In fact the
estimated r0 has grown of about a factor 3 from 5 Mpc/h
to about 13 Mpc/h in the most recent data [18,10].

Whether the latest measurements will remain stable
in future larger samples is a key issue to be determined,
and this is directly related to the reality of the flattening
at 70 Mpc/h: this will be clarified soon, as the volume
surveyed by the SDSS will increase rapidly in the near
future.

5 Conclusions

Statistical properties of primordial density fields show in-
teresting analogies with systems in statistical physics, like
the one-component plasma, whose main characteristic is
the ordered, or super-homogeneous, nature. In the FRW
models the super-homogeneous (or Harrison-Zeldovich)
condition arises as a kind of consistency constraint: other,
more inhomogeneous, stochastic fluctuations, like the un-
correlated Poisson case, will always break down in the
FRW models in the past or future as the amplitude of
perturbations in the gravitational potential may become
arbitrarily large. We discussed that the observational de-
tection of the super-homogeneous character of the matter
density field, through the observation of galaxy distribu-
tion or of the CMBR anisotropies, is still lacking. On the
other hand the main feature of galaxy two-point correla-
tion function is represented by its power-law character in
the strongly non-linear region. We stressed that a clear
crossover to homogeneity is also not well established in
the data, and thus the transition from the highly clustered
phase to the highly uniform (super-homogeneous) one is
the main observational tests for theories of the early uni-
verse. For galaxies this should be evidenced as a negative
correlation function behaving as −r−4 (corresponding to
P (k) ∼ k) at large scales. In this way one may have some
constraints on the large number of free parameters which
characterize cosmological dark matter, the main source for
the seeds of structure formation in the universe according
to standard models.

The theoretical understating of non-linear structure
formation of a self-gravitating infinite particle distribu-
tion is a fascinating problem and many questions are still
open. We discussed the fact that at early times, starting
from an instable equilibrium configuration as a simple cu-
bic lattice of point mass particles, it is possible to develop
a stringent analogy with the Coulomb lattice dynamics.

In this way it is possible to characterize and understand
the deviation of a finite number of particle system from
the evolution of a self-gravitating fluid. That is, it is pos-
sible to quantify the effects of discreteness and their role
in the formation of non-linear structures. In this respect
the main problem of cosmological simulations is that, be-
cause of the discretization used for numerical limitations,
they could be affected by discrete effects, as a particle in
the simulations has a mass which is many orders of mag-
nitude larger than the elementary dark matter particles
one would like to simulate. The understanding of the full
time evolution, and of the creation of non-linear structures
made by many particles is still the main open problem in
this context.

We thank T. Baertschiger, A. Gabrielli, M. Joyce and B.
Marcos for fruitful collaborations.
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